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Our idea and the motivation
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Our idea: Can we do clustering in Markov Chains (MCs)?

o XTJ ° S

Figure: The goal of this paper is to infer the hidden cluster structure underlying a Markov chain
{Xt}t>0, from one observation of a sample path Xp, Xi,..., X7 of length T.
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The motivation

Clustering in MCs is motivated by Reinforcement Learning (RL) on large state spaces.

RL has recently received substantial attention due to its wide spectrum of applications
(robotics, games, medicine, finance, etc), or more popularly said, artificial intelligence.
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Clustering in MCs is motivated by Reinforcement Learning (RL) on large state spaces.
RL has recently received substantial attention due to its wide spectrum of applications
(robotics, games, medicine, finance, etc), or more popularly said, artificial intelligence.
In RL, the objective is to quickly identify an optimal control policy by observing a

trajectory of a Markov chain.

Unfortunately, the time to learn the best policies using e.g. Q-learning increases
dramatically with the number of states.
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The motivation

Clustering in MCs is motivated by Reinforcement Learning (RL) on large state spaces.
RL has recently received substantial attention due to its wide spectrum of applications
(robotics, games, medicine, finance, etc), or more popularly said, artificial intelligence.
In RL, the objective is to quickly identify an optimal control policy by observing a
trajectory of a Markov chain.

Unfortunately, the time to learn the best policies using e.g. Q-learning increases

dramatically with the number of states.

In practical problems however, different states may yield similar reward and exhibit
similar transition probabilities. In other words, states could maybe be clustered.
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Part 1l

The literature and our model
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Clustering in Stochastic Block Models (SBMs)

SBMs generate random graphs with groups of similar vertices.

E.g. Suppose V = V1 U V,. An edge is drawn between x,y € V w.p. p € (0,1) if they
belong to the same group, and w.p. g € (0,1), p # g otherwise.
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Clustering in Stochastic Block Models (SBMs)

SBMs generate random graphs with groups of similar vertices.

E.g. Suppose V = V1 U V,. An edge is drawn between x,y € V w.p. p € (0,1) if they
belong to the same group, and w.p. g € (0,1), p # g otherwise.

The goal is to infer the clusters from such an
observed random graph.
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Fundamental limits for clustering in SBMs in literature

Much literature exists on when and how we can cluster in SBMs.

L“Community detection and SBMs: recent developments”, Emmanuel Abbe, 2017 gives overview.
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Fundamental limits for clustering in SBMs in literature

Much literature exists on when and how we can cluster in SBMs.

To start, many papers laid foundation for the discovery of the fundamental limits:!
Including: Holland, Laskey, Leinhardt 1983; Bui, Chaudhuri, Leighton, Sipser 1984; Boppana 1987; Dyer,
Frieze 1989; Snijders, Nowicki 1997; Jerrum, Sorkin 1998; Condon, Karp 1999; Carson, Impagliazzo
2001; McSherry 2001; Bickel, Chen 2009; Rohe, Chatterjee, Yi 2011, and more.

L“Community detection and SBMs: recent developments”, Emmanuel Abbe, 2017 gives overview.
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Fundamental limits for clustering in SBMs in literature

Much literature exists on when and how we can cluster in SBMs.

To start, many papers laid foundation for the discovery of the fundamental limits:!

Including: Holland, Laskey, Leinhardt 1983; Bui, Chaudhuri, Leighton, Sipser 1984; Boppana 1987; Dyer,
Frieze 1989; Snijders, Nowicki 1997; Jerrum, Sorkin 1998; Condon, Karp 1999; Carson, Impagliazzo
2001; McSherry 2001; Bickel, Chen 2009; Rohe, Chatterjee, Yi 2011, and more.

Theorem (Decelle, Krzakala, Moore, Zdeborova 2011; Massoulié 2014; Mossel, Neeman, Sly 2015)

Ifp=a/n, q=b/n, and |Vi| = |Va|, then a— b > \/2(a+ b) is a necessary and
sufficient condition for the existence of algorithms that can detect the clusters.

Theorem (Abbe, Bandeira, Hall, 2014; Mossel, Neeman, Sly 2014)
If p=alnn/n, g=blinn/n, then |\/a—\/b| > \/2 allows for exact recovery.

L“Community detection and SBMs: recent developments”, Emmanuel Abbe, 2017 gives overview.
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Including: Holland, Laskey, Leinhardt 1983; Bui, Chaudhuri, Leighton, Sipser 1984; Boppana 1987; Dyer,
Frieze 1989; Snijders, Nowicki 1997; Jerrum, Sorkin 1998; Condon, Karp 1999; Carson, Impagliazzo
2001; McSherry 2001; Bickel, Chen 2009; Rohe, Chatterjee, Yi 2011, and more.

Theorem (Decelle, Krzakala, Moore, Zdeborova 2011; Massoulié 2014; Mossel, Neeman, Sly 2015)

Ifp=a/n, q=b/n, and |Vi| = |Va|, then a— b > \/2(a+ b) is a necessary and
sufficient condition for the existence of algorithms that can detect the clusters.

Theorem (Abbe, Bandeira, Hall, 2014; Mossel, Neeman, Sly 2014)
If p=alnn/n, g=blinn/n, then |\/a—\/b| > \/2 allows for exact recovery.

In both cases, efficient algorithms were also developed that achieve the thresholds!

L“Community detection and SBMs: recent developments”, Emmanuel Abbe, 2017 gives overview.
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Clustering in Block Markov Chains (BMCs)

Our work also investigates when and how we can cluster, but then in BMCs!
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Clustering in Block Markov Chains (BMCs)

Our work also investigates when and how we can cluster, but then in BMCs!

Let {Xt}+>0 be a BMC with parameters (n, a, p). Its transition matrix is given by

pa(x),a(y)
P, = I[x #y] forall x,ye.
Y W= 1ot = o)) - 7]

Its equilibrium distribution will be denoted by Iy for x € V.
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Structure of the transition matrix

Here's an example transition matrix for K = 3 clusters:
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Note the block structure, and that p must be a stochastic matrix.
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Equilibrium behavior of the inner chain

The block structure motivates us to define

’Vk| A =
ar = lim — and 7, = lim E M= lim VMg for k=1,... K.
k= oo n k= o = X n—>oo| k‘ k ’ ’
X k

Proposition

The quantity m solves ¥ p = ©¥, and is therefore the equilibrium distribution of a
Markov chain with transition matrix p and state space Q = {1,...,K}.

Example (K = 2 clusters)
After solving the balance equations that the limiting equilibrium behavior is given by
71 = p21/(p12 + p21) and 72 = p12/(p12 + po1).
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Mixing time

Analyzing and bounding the mixing time of a BMC is crucial.

Without mixing within T time steps, we would not expect to be able to cluster.

We define d(t) £ sup,cp{drv(PL M)} and twix(c) = min{t > 0: d(t) < e}, where

dTVM, AIZ‘,UJX_X~
%
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Mixing time
Analyzing and bounding the mixing time of a BMC is crucial.
Without mixing within T time steps, we would not expect to be able to cluster.
We define d(t) £ sup,cp{drv(PE_,M)} and tmic(e) = min{t > 0: d(t) < e}, where

drv(p,v) 2Z|,lefx-

xey

Proposition
There exists a strictly positive absolute constant cpyix such that tymix(e) < —cmix Ine, for
every BMC of finite size n > K.

In other words, the mixing times are very short in light of our system size n.
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Part Il

Our main results
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Main results

We obtain quantitative statements for

K K
o Voo Vi where ~°P' € ar min ‘ v V ‘
kL_Jl et (k) \ Vi g L kU (k) \Vk
= =1
Here, the sets ]A/l, e ,f/K will always denote an approximate cluster assignment

obtained from some clustering algorithm.
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Main results

We obtain quantitative statements for

K K
o Voo Vi where ~°P' € ar min ‘ v V ‘
kL_Jl et (k) \ Vi g L kU (k) \Vk
= =1
Here, the sets ]A/l, e ,f)K will always denote an approximate cluster assignment

obtained from some clustering algorithm.

Remark

Throughout, we assume that K, «, p are fixed, and we study the asymptotic regime
n — oo. Qur clustering procedure will assume that K is known, and o, p unknown.
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Information theoretical lower bound

Definition
Fora e AKX 1land pe AK-1)XK |ot
K

I, p) & Tyﬁlg{; O}a(ﬂapa,k In ZZi + TkPk,aln g:’aab) + (E — E)}

Here 7 denotes the solution to 77p = 7T,
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Information theoretical lower bound

Definition
For o € AKX~ and p € AK-DXK et

K

i 1 Pa,k Pk,aCb T, T
o) & {3 - (pasin 22 mupyain PRt 4 (72 )

Here 7 denotes the solution to 71 p = 7.

Theorem

An algorithm is (g, c¢)-locally good at («, p) if it satisfies Ep[|E|] < e for all BMC models
constructed from the given p and partitions satisfying ||Vi| — axn| < ¢ for all k. Assume
that T = w(n). Then there exists a strictly positive and finite constant C independent
of n such that: there exists no (g,1)-locally good clustering algorithm at («, p) when

e < Cnexp ( — (o, p)%(l - 0(1))).
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Asymptotically accurate / exact detection

Conditions for asymptotically accurate detection
In view of our lower bound,

]Ep[lgnw > Cexp ( — (a, P)%(l + 0(1)))a

there may exist asymptotically accurate (&, 1)-locally good algorithms at («, p) only if
I(a, p) >0 and T = w(n).
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Asymptotically accurate / exact detection

Conditions for asymptotically accurate detection
In view of our lower bound,

]Ep{lgnw > Cexp ( — (a, P)%(l + 0(1))>a

there may exist asymptotically accurate (&, 1)-locally good algorithms at («, p) only if
I(a, p) >0 and T = w(n).

Conditions for asymptotically exact detection
Similarly,
T
Ep[€]] > Cexp (Inn — (0, p)(1+ 0(1))),
so necessary conditions for the existence of an asymptotically exact (e, 1)-locally good
algorithm at («, p) are I(a,p) >0 and T — 7(2(3)) = w(1). In particular, T must scale
atleast as nlnn.
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Information quantity /(«, p) for K = 2 clusters

These systems have three parameters: az, p12, p21 € (0,1)

Question! Consider a BMC with as = % and p1o=1—po1 # % and p1o> > pa1

w.l.o.g. In this scenario, P, , = P, , for all x,y,z € V, that is, every row of the kernel is
identical to any other row. Intuitively, do you expect that we are able to cluster?
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Information quantity /(«, p) for K = 2 clusters

These systems have three parameters: az, p12, p21 € (0,1)

Question! Consider a BMC with as = % and p1o=1—po1 # % and p1o> > pa1
w.l.o.g. In this scenario, P, , = P, , for all x,y,z € V, that is, every row of the kernel is
identical to any other row. Intuitively, do you expect that we are able to cluster?

Answer. In spite of the transition matrix’ rows all being identical, we can still cluster.
Here m > 1, and we could cluster based on the equilibrium distribution as T — .

More precisely,
I(a, p) =0 ifand only if Qp = P12 = 1-— P21

Asymptotically accurate recovery thus seems possible as soon as T = w(n), and
asymptotically exact recovery as soon as T = w(nlnn).
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Clustering in the critical regime
There is a phase transition in the critical regime T = nlnn

1 1

P21
P21

P12

P12 P12 OO

ar=1/4 ar=1/2 Region where I(a, p) < 1.
Figure: (left, middle) The parameters (p1 2, p2,1) in blue for which asymptotic exact recovery

should be possible in the critical regime T = nlInn for K = 2 clusters. (right) The parameters
(w2, p1.2, p2,1) for which asymptotic exact recovery is likely not possible, i.e., I(a, p) < 1.
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Procedure for cluster recovery

We have now established necessary conditions for asymptotically accurate and exact
recovery, and identified performance limits satisfied by any (e, 1)-locally good
clustering algorithms at («, p).
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Procedure for cluster recovery

We have now established necessary conditions for asymptotically accurate and exact
recovery, and identified performance limits satisfied by any (e, 1)-locally good
clustering algorithms at («, p).

Next, we devised an (g, 1)-locally good clustering procedure at («, p) that reaches

these limits order-wise. Our procedure takes as input Xy, X1, ..., X7, calculates
T-1
Ny, = Z 1[Xe = x,Xep1 =y] for x,y eV,
t=0

and then proceeds in two steps called:
e the Spectral Clustering Algorithm (SCA), and
e the Cluster Improvement Algorithm (CIA)
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Spectral Clustering Algorithm (SCA)

Input: n, K, and a trajectory Xo, Xi,..., X1
Output: An approximate cluster assignment ]91[0], e ]A/}[?], and matrix N
1 begin
2 for x <+ 1 to ndo
3 for y < 1 to ndo
4 Ny, Z;}l 1[X: = x, Xer1 = y];
5 end
6 end
7 Calculate the trimmed matrices Afr;
8 Calculate the Singular Value Decomposition (SVD) UL V™ of Afr;
9 Order U, %, V s.t. the singular values 01 > 0 > ... > 0, > 0 are in descending order;
10 Construct the rank-K approximation R = Zszl o Uk Vo™
11 Apply a K-means algorithm to [IAR’, IAR’T] to determine 1>1[0], ey f/;[?];
12 end

Algorithm 1: Pseudo-code for the Spectral Clustering Algorithm.
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Performance of the SCA

Theorem
Assume that T = w(n) and I(a, p) > 0. Then the proportion of misclassified states
after the Spectral Clustering Algorithm satisfies:

n

O¢(21n 1) = 0n(1).

el

Thus the SCA achieves asymptotically accurate detection whenever this is possible.

Question! But there's a huge problem. What does the SCA fail at?
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Performance of the SCA

Theorem
Assume that T = w(n) and I(a, p) > 0. Then the proportion of misclassified states
after the Spectral Clustering Algorithm satisfies:

Il _

op(%ln%) = op(1).

Thus the SCA achieves asymptotically accurate detection whenever this is possible.

Question! But there's a huge problem. What does the SCA fail at?

Answer. The bound fails to guarantee asymptotic exact recovery, even in the case
T = w(nlIn(n)). We cannot guarantee that its recovery rate approaches Theorem 5's
fundamental limit!
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Cluster Improvement Algorithm (CIA)

10

11

12
13

Input: An approximate assignment f}l[t], .. ,,f);[f], and matrix N
Output: A revised assignment IAJI[HI], RN ]A}}[f“]
begin
n<+ dim(N), V+{1,...,n}, T + erv ZyGV Nyy;
for a+ 1to K do
A R A OHlt] (Hlt+1] .
7ra<—Nv[t] V/T' G&a <« |Vi'|/n, Vs +— 0;
for b+ 1to K do
‘ Pa,p Nvgﬂ,vgl/’\’vyl,v?
end
end
for x +— 1 to ndo
K (R s A Pk.c #e .
Pt arg maxc:lwaK{Zkﬂ(Nx,f;L‘] In pe k + NVL‘],X In p{;; ) _ % . oTC}
Vi e VU {x)
end
end
Algorithm 2: Pseudo-code for the Cluster Improvement Algorithm.
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Performance of the CIA

Theorem

Assume that T = w(n) and I(«, p) > 0. Then for any t > 1, after t iterations of the

Clustering Improvement Algorithm, initially applied to the output of the Spectral
Clustering Algorithm, we have:

€1

2
o .
T T — min__ T j(q
Op (e tlngmming) o T, 74P,
n
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Performance of the CIA

Theorem

Assume that T = w(n) and I(«, p) > 0. Then for any t > 1, after t iterations of the
Clustering Improvement Algorithm, initially applied to the output of the Spectral
Clustering Algorithm, we have:

e Op(c-t(m T ) +e*no,75";"gnaﬁ’<°‘vp>)‘
n

Observe that for t = In(n), the number of misclassified vertices after t applications of

.
the CIA is at most of the order ne™¢#/(®P) Up to the constant C £ 2. /(720n302,),
this corresponds to Theorem 5's fundamental recovery rate limit.

Plus, we have asymptotically exact detection when T = w(nlnn) and /(«, p) > 0!
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Let's start with an example — The observation and truth

Consider n = 300 states grouped into three clusters of respective relative sizes
a = (0.15,0.35,0.5). The transition rates between these clusters are defined by:
p = (0.9200, 0.0450, 0.0350; 0.0125, 0.8975, 0.0900; 0.0175,0.0200, 0.9625).

(a) N, unsorted (b) N, sorted (c) P, sorted
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Let's start with an example — The procedure’s 99.7% recovery

(a) Initial clustering. (b) Final clustering.
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Performance sensitivity of the SCA

Here oo = (0.15,0.35,0.5), and p = (0.50,0.20, 0.30; 0.10, 0.70, 0.20; 0.35,0.05,0.60).
Now /(a, p) =~ 0.88 > 0, so lower than before, meaning that clustering is more difficult.

8 1. : : : ‘ 1- ‘ ‘ : : 0w

g ;

% I 1 0]

é 0.4} fz PR B 0.4 %H % 1 %f

£ HU i i

g 0.2t . 0.2F fi I ﬁmﬁmﬂﬁ 1 107} mﬁﬁﬁﬁ%ﬁﬂf b

£ 00 4?10 600 800 00 200 420 600 800 107 5509 420 600 800
(a) T=nlnn (b) T = n(In n)*/? (c) T = n(In n)?

Figure: The error rate of the Spectral Clustering Algorithm (without trimming) as function of n,
for different scalings of T. Every point is the average result of 40 simulations, and the bars
indicate a 95%-confidence interval.

Clustering in Block Markov Chains Sanders, Proutiére, Yun 25/44



Performance sensitivity of the CIA

Here a = (1/3,1/3,1/3), and p = (0.1,0.4,0.5; 0.7,0.1,0.2; 0.6,0.3,0.1).

Different from before, the clusters are now of equal size and the off-diagonal entries of
p are dominant. Here, /(c, p) = 0.27 > 0, so clustering is again more challenging.

g 10F
£ B B The error after applying the
;, 07 E SCA (0), and the CIA (1,2)
'?‘% o2 7 7 twice, as function of T.
2 ; ]
£ . i At T = 30000, the CIA
E achieved 100% accurate
g 10} ] detection after 2 iterations in
g E ! | ] all 200 instances.

0 2,500 10,000 20,000 30,000
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Our procedure in the critical regime
Consider K =2, ap = 3, and T = nlnn. Pascal Lagerweij (a MSc student) helped us

numerically evaluate Fj(e) = {(pl,z,p2,1) € (O, 1)2’IEP {lg—:]'] >1-— 5}.

1p

1 1 r-"“r . - 1 1
0.8 0.9 0.8 i e 10.9
06 08 06 | Nos
§ y ' ; y
04} 0.7 0.4 ; 4 1 Bo7
02 = 06 02 ‘“ 1 06
0 ' ®Wos 0 - 0.5 0
0 02 04 06 08 1 0 02 04 06 08 1 0 02 04 06 08 1
p12 p12 p12
After the SCA. After the CIA. Fi(e = 0.027)

Figure: The average proportion of well-classified states for each rasterpoint (p1.2, p2.1) € (0,1)?,
and numerical feasibility region of our clustering procedure (right), all in the critical regime

T = nlnn. The green line outlines the theoretical region /(«, p) < 1 within which no algorithm
exists able to asymptotically recover the clusters exactly.
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Part IV

In conclusion
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Let us summarize

Our paper "“Clustering in Block Markov Chains”:
e introduces BMCs, a new interesting model;

e provides an information-theoretical lower bound for the detection error, tight
conditions for asymptotically accurate detection and an almost tight condition for

exact recovery,
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https://arxiv.org/abs/1712.09232

Let us summarize

Our paper "“Clustering in Block Markov Chains”:
e introduces BMCs, a new interesting model;

e provides an information-theoretical lower bound for the detection error, tight
conditions for asymptotically accurate detection and an almost tight condition for
exact recovery,

e proposes an algorithm that almost reaches our information-theoretical lower bound;

e develops a new spectrum concentration bound for random matrices with dependent
entries.

A preprint “Clustering in Block Markov Chains” is available on
https://arxiv.org/abs/1712.09232.
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Part V

Appendix: Our proofs
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The information bound

Theorem

If T =w(n) and I(a, p) > 0, then there exists a strictly positive and finite constant C independent of n
such that: for any clustering algorithm

Ep[|€]] > Cexp (Inn—J(a p)— T +0<;’7—)>7

where
0<J s ( K “ ) < I(a, p).
(a p) T#”l] qergl(r; N\ak + o k(qu) * ak + o I(qu) o (a p)
Here
K
i a ( Qr,0 c) n (ﬁ _ - )
(allp) kz; - Prc o kz:; kGk,0

forc=1,...,K, and

Q(k, 1) 2 {q € Q|i(allp) = I(allp)} #0 for all k#1,

K
Q2 {(Qk,m qo,k)k=0,....k € (0,00)|qo,0 =0, Z Qo,) = 1}.
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Our change of measure

In the proof, we suppose that the path Xy, ..., X7 is generated by a perturbed
stochastic model W, rather than the true model .

Specifically, we randomly choose a vertex V* € V and place it in its own cluster with its
own distinct transition rates. l.e., given V*, we construct an alternative kernel Q.
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Our change of measure

In the proof, we suppose that the path Xy, ..., X7 is generated by a perturbed
stochastic model ¥, rather than the true model ®.

Specifically, we randomly choose a vertex V* € V and place it in its own cluster with its
own distinct transition rates. l.e., given V*, we construct an alternative kernel Q.

Given Xo, X1,..., X7 €V, the argument then revolves around the log-likelihood ratio

LEIn

]P)Q[X07X17"'7XT] il QXt 17Xt
Pp[Xo, X1, .. X7l & “Pxuxe

Here, Pp[Xo, X1,...,X7] = Hthl Px._..x.- Note that L is a random variable.
Intuitively, L measures how likely the path Xy, ..., X7 is under @ as opposed to P.
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The perturbed BMC

Clustering in Block Markov Chains
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An intermediate information bound

Using state symmetry, the change of measure's form, and Chebyshev’s inequality:

Proposition

Assume that V* is chosen uniformly at random from two different clusters V, and Vp,
that Q is constructed from q € Q(a, b), and that there exists a (¢, 1)-locally good
clustering algorithm at (c, p). Then:

(i) There exists a constant 6 > 0 independent of n s.t. Py[V* € £] > ¢ > 0.

(ii) There exists a constant C > 0 independent of n such that

Eo[[€]] = Cnexp (—E\u[/-] - \E\/Varw[L])-
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Leading order behavior of Eq[L|c(V*)] and Varg[L|o(V*)]

Proposition (Leading order behavior of the expectation)
For given V* € V and q € Q, if T = w(1), then

EqlLlo(V)] = T hquy(allp) + o( 1),

Proposition (Variance is negligible due to mixing)
For given V* €V and q € Q, if T = w(n), then

Varg[L|o(V*)] = o(T?/n?).

The crux is to relate the covariances between the T steps of the sample path
X1,Xo, ..., X7 to the mixing time of the underlying Markov chain.
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Lemma (Appropriateness)
For any two clusters a # b 3 at least one finite point g € Q s.t. 1,(g||p) = Ir(g||p)-

Lemma (Deconditioning)
If T = w(n), then for any two clusters a # b, there exists an absolute ¢ > 0 s.t.

EPLEH > cexp (—% a,6(ql|p) + O(%))

Here, 1,5(qllp) = 555, 12(allp) + 5.3, 1b(allp) for any point g € Q(a, b).

Clustering in Block Markov Chains Sanders, Proutiére, Yun 36/44



Bound optimization

You finally optimize the bound: build the change of measure using the parameters

//(qu)}-

27 27

(KOPt [Pt G°PY) € argmin  min {

I +
Kl qeQ(k,l) (dlle)

K+ o K+ o

By construction Ey[L] = (T /n)J(a, p) + o(T/n), and 0 < J(a, p) < 0.
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Bound optimization

You finally optimize the bound: build the change of measure using the parameters

//(qu)}-

27

k°Pt [°Pt g°Pt) € argmin min Gk +
( 9 ) & k#1 qEQ(k,l){Ozk + oy k(qu) ok + o

By construction Ey[L] = (T /n)J(a, p) + o(T/n), and 0 < J(a, p) < 0.

Lemma (Relation between J(«, p) and I(«, p))

For any BMC, J(«, p) < I(a, p). Furthermore, (e, p) = 0 if and only if there exists
i # j such that p; . = pjc and pci/ai = pcj/aj forall c € {1,..., K}.

This completes the proof. []
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Performance of the Spectral Clustering Algorithm

Step 1. We show that N° satisfies a separability property: i.e., if two states x, y € V do not
belong to the same cluster, the h-distance between their respective rows N9 NS,,

is at least Q(y/ T2Dn(a, p)/n3).

Step 2. We upper bound the error ||R® — NO||p using ||Nr — N||.
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Performance of the Spectral Clustering Algorithm

Step 1. We show that N° satisfies a separability property: i.e., if two states x, y € V do not
belong to the same cluster, the h-distance between their respective rows NS,_, NS,,

is at least Q(y/ T2Dn(a, p)/n3).
Step 2. We upper bound the error ||R® — NO||p using ||Nr — N||.

Step 3. We prove that R also satisfies the separability property if (n/T)||Nr — N|| — 0, as
suggested by Step 1 and Step 2.

Step 4. Because of RO's separability property, we must conclude that the number of
misclassified states satisfies Theorem 6. Otherwise the separability property of Step
3 would contradict with Step 2.

Proposition (Spectral concentration of a noise matrix with dependent entries)

For any BMC, |Rir = N|| = Op(/ZIn T).
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Steps 1, 2, and 3

Lemma (Separability property)

N, — N9 [l2 = @/ TRxee)).

For any x,y € V for which o(x) # o(y),

Lemma (Centered R’s Frobenius norm and N’s spectral norm)
1RO — NO||p < V16K A — NJ|.

Lemma (Inheritance of separability)
If |Nr — N|| = op(f(n, T)) for some f(n, T) = o(T/n) and h(n, T) is s.t.
w((F(n, T))2/n) = (h(n, T))* = o(T?Dn(a, p)/n®), then

T2DN(a7 p)
n

H’A?)? - NB,.H2 = Q]P’( 3 ) for any misclassified vertex x € E.
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Step 4: Contradiction argument

The final step is almost immediate. Gathering Steps 1 — 3, we have:

T? DN(

Qs (€| )) 0 g0 - o2 < 16k — w2 “ (%In%),

where (i) stems from Lemma 15 (the terms [|R2 — NC |2 for x € V'\ € can be added to
form the Frobenius norm), (ii) comes from Lemma 14, and (iii) is from Proposition 6.

We deduce that |€]/n = Op((n/T)In(T/n)). This concludes the proof.

Lemma

Let U2 1 {Xn}n>0, Us21{Yn} denote two families of random variables with the properties that
PX, < Yi] =1, Xo = Qp(xa), and Yy = Op(ya), where {xn};21, {yn}i21 denote two deterministic
sequences with xa, yn € R. Then, x, = O(yn).
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Performance of the Cluster Improvement Algorithm

Define &E] = &N #, where H is the largest set of states x € [ that satisfy:
(H1) When x € V;, for all j # i,

K P A
S (R, In PLk & Riy,  In pk”'o‘f) + (NV’"V - NV,"’V) > L ia,p).
k=1

Pj,k Pk jOi

(H2) Neyvgy + Mg, < 2In((T/n)?).
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Performance of the Cluster Improvement Algorithm

Define 57[_? = &1 N, where H is the largest set of states x € I that satisfy:
(H1) When x € V;, for all j # i,

A Pi k A Pk, iC¢j ij,v Nv. Vv T
(i 02 i 2o (B By T
k=1 Pj,k Pk ji a;n ain 2n

(H2) Neyvgy + Mg, < 2In((T/n)?).

Summing over all misclassified states that in 87[5“], we obtain

E2 S (ull(ol(x)) — ulf(o(x))) > 0.

XES%JA]

Step 1. Concentration implies that E ~ —(T/n)/(a,p)]é’;[frl]\ + | N = N/ \Sy[fll\]é’?[_i]\.
Step 2. For large n, T, Step 1 + suboptimality E > 0 yields an iterative bound.
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Improvement per iteration

Theorem
If (o, p) >0 and T = w(n), and \5?[_?]] = Op(eLt]) for some 0 < e}l = o(n), then
(410 _  [t41] _ (el (1 2
€3 = el = o (0. T))") = ofel).

Furthermore, there exists a strictly positive absolute constant C such that

el < e = O[p<nexp (—C%I(a,p)) + nexp (—% In I))

n

for all t € Ng.
Here, f(n, T) = /(T /n)In (T /n).

Clustering in Block Markov Chains Sanders, Proutiére, Yun 42/44



Step 1: Concentration arguments

Substitute u£t]'s definition to obtain after simplifying

D /\A/nt N"[t]
> [i( ol Pre0k Ly o Protit v VM()V”
x Vi vl 5 N
weeltl k=1 Po(x).k X Proo(x) WC[T(]X)‘ W[[M](X)!
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Step 1: Concentration arguments

Substitute u£t]'s definition to obtain after simplifying

K N N“[t] N. fl
Z [ E (A [t] In M NA g In pk,a[”l](x))_{_( V(,(X),V v olt+1 () Vﬂ
1758 5 N
Xegv[ftﬂl k=1 pU(X) k ko Pk,a(x) ‘Vc[r(]x)‘ ‘V[[tJrl](X)’

Split it into Ej, E» centered around diff. objects that concentrate and U the remainder.

E.g. Define E; = EPUt + E + E;T°%° with

D I R PP M

)

[t+1] k=1 [t+1] k=1
5 S,H
I,
Ecross _ 2 : (Nva(x Va[Hl](x)‘V)
o~ Vol Vot
XEEH
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Step 2: Exploiting suboptimality through a contradiction
Analyzing each term, you will find that:

Lemma
If T =w(n),

Op(el), and [} <p elf Y, then

-k = QP(/(%P)IGLHI]), |U| = Op(\/f(ln %)e,[fﬂl), and
6| = (Te,[,] [t+1] 4 f(n, T)\/W—I— ( )e[t+1])

Clustering in Block Markov Chains Sanders, Proutiére, Yun

44/44



Step 2: Exploiting suboptimality through a contradiction

Analyzing each term, you will find that:

Lemma

IF T = w(n), [ = 0s(el), and || <p i then

—E = QP(/(a’p)Ie,[erl])’ U = OP(\/T(In %)e[[’f-‘rl])’ and
6| = (Te,[,] (1] 4 £(p, T)\/W—I—( ) [t+1])

Suboptimality now implies that —E; < |Ep| + |U] almost surely. Consequentially,

(v, p)el ™ = O(Tf(n T)\/m)

[t+1]

Rearranging when ep > 0 completes the proof. O
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